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1 Introduction to supplemental material
In Christophy et al. [3], a bushing force element for the
intervertebral joint is introduced and implemented in
an open-source platform that simulates musculoskeletal models. Here, the background information needed
to help comprehend this implementation is presented.
Much of the material in these notes is an extension of
our earlier discussion in [15] on the stiffness matrix of
the intervertebral joint. This extension was made possible by the work in [12] on Cartesian stiffness matrices.
We mention that, while our exposition here is motivated by the application of the stiffness matrix to the
intervertebral joint, it can very easily be extended for
modeling other joints in the body such as the knee [1].
An outline of the supplemental material is as follows. First, representations for rigid body motions are
presented in Section 2 and background on the 1-2-3 set
of Euler angles are presented in Section 3. This material
is then applied to parameterize the relative motion of
a pair of rigid bodies in Section 4. The formulation of
stiffness matrices based on the existence of a potential
energy function is discussed in Section 5. Our discussion
emphasizes the role that the Euler angle parameterization of the relative rotation of a pair of rigid bodies and
the landmarks used to define the relative displacement
play in the specification of a stiffness matrix. In Section
6, we relate the stiffness matrices presented in Section 5
to those used in describing the bushing force element in
[3] and several stiffness matrices which have appeared
in the literature.
The notation used here and in [3] is identical to
our earlier work on stiffness matrices [12] and features
tensorial notation. Additional background on the latter
and its use in rigid body dynamics can be found in
the textbook [14]. In the present work, arrays of real
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numbers are denoted by san-serif Roman letters, such
as T, p, while vectors and tensors are denoted by boldfaced Roman letters, e.g., x̄ and R. Additionally, we
reserve capital letter sub- and super-scripts to indicate
specific bodies (e.g., bodies VK , basis vectors eK
i ) while
uncapitalized indices are used to specify components of
vectors, tensors, and arrays of real numbers, such as ωi ,
Kij , qi , T̃ij .

tational (body-fixed) basis {e1 , e2 , e3 }. The basis vectors are related by the rotation tensor Q:
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The tensor Q =
representations:
Q=

xi ei ,

i=1

k=1

We first recall that a rigid body V consists of a collection of material points X where the distance between
any of these points remains constant. As shown in Fig.
1, it is convenient to define a fixed reference configuration κ0 of this body. This configuration occupies a fixed
region of Euclidean three-space E3 . The position vector, relative to a fixed origin O, of a material point X in
this configuration is defined by the position vector X.
In a similar manner, the present (or current) configuration κt of V can be defined and the position vector of a
material point X in this configuration is denoted by x.
The position vector x of a point X, which has a position

(S.2)

Of particular interest are the position vector of the center of mass X̄ and a landmark point A. These vectors
are denoted by x̄ and xA respectively. For the position
vectors x̄ and xA , we have the representations
x̄ =

2 Background on rigid body motions

(i = 1, 2, 3) .

P3

i=1

ei ⊗ Ei has several equivalent

Qik Ei ⊗ Ek =

3 X
3
X

Qik ei ⊗ ek ,

(S.4)

i=1 k=1

where ⊗ is the tensor product: (a ⊗ b) c = (b · c) a for
any vectors a, b and c. Given a vector a we can establish
the following relationships between its components in
bases related by a rotation tensor Q:






a · E1
a · e1
Q11 Q12 Q13
 a · E2  = Q  a · e2  , where Q =  Q21 Q22 Q23  .
a · E3
a · e3
Q31 Q32 Q33
(S.5)
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The inverse of the matrix Q is its transpose: Q−1 = QT .
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Fig. 1: The reference κ0 and present κt configurations of a rigid body V which represents a lumbar vertebra. This figure also displays the corotational basis
{e1 , e2 , e3 }, center of mass X̄, material point A, and
the resultant force F and moment M acting at the center of mass of the vertebra.
vector X in κ0 , has the vector-valued representation
x = Q(t)X + d(t).

(S.1)

Here, d(t) is a vector-valued function of time, and Q(t)
is a rotation (or proper-orthogonal) tensor. That is,
QQT = I and det (Q) = 1.
It is convenient to define two right-handed orthonormal bases for E3 : a fixed basis {E1 , E2 , E3 } and a coro-

Recall that the rotation of a rigid body is completely
characterized by the rotation tensor Q. Tensors of this
type can be parameterized in a variety of manners (see
[21]). Of interest here is the Euler angle representation
of a rotation tensor whereby the tensor Q is decomposed into the product of three simple rotations:
Q = Q̂(ν1 , ν2 , ν3 ) = L(ν3 , g3 )L(ν2 , g2 )L(ν1 , g1 ), (S.6)
where L(ν, g) represents a counterclockwise rotation by
an angle ν about the unit vector g. The set {g1 , g2 , g3 }
is known as the
basis and define the dual Euler
 1Euler
2
3
basis vectors g , g , g using the 9 identities1
gi · gj = δij .

(S.7)

1 Readers who are more familiar with the notation of Kane and
his coworkers [10] might recognize the Euler basis as the bodytwo or body-three basis vectors {b1 , b2 , b3 }(not to be confused
with the set of basis vectors associated with the bushing frames
B1 and B2 ).
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One can consider
 the Euler basis {g1 , g2 , g3 } and the
dual Euler basis g1 , g2 , g3 as basis vectors in the tangent and cotangent spaces respectively of the manifold
SO(3). Further uses of the dual Euler basis and its relation to constraint moments, moment potentials, and
Lagrange’s equations of motion are discussed in [13].
Let ω denote the angular velocity vector associated
with Q as specified by (S.6). Then, we can write three
distinct representations for the vector ω:
ν̇i gi =

ω i ei =

3
X

Ωi Ei .

(S.8)
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where the ()ij components of e T and E T are given by 2

E
(S.10)
(e T)ij = gi · ej ,
T ij = gi · Ej .

Conversely, the components of ω in the fixed and moving frames can be determined by dotting into the Ei
and ei basis vectors respectively to obtain
Ωi =

3
X
j=1

E

W



ν̇ ,
ij j

ωi =

3
X

(e W)ij ν̇j .

(S.12)

′

g2 = e2 = cos(ν1 )E2 + sin(ν1 )E3 ,
′

e

(S.14)

e

Further the matrices T and W are


cos(ν3 ) sec(ν2 ) − sin(ν3 ) sec(ν2 ) 0
e
T=
sin(ν3 )
cos(ν3 )
0,
− cos(ν3 ) tan(ν2 ) sin(ν3 ) tan(ν2 ) 1



cos(ν2 ) cos(ν3 ) sin(ν3 ) 0
e
W =  − cos(ν2 ) sin(ν3 ) cos(ν3 ) 0  .
sin(ν2 )
0
1

(S.15)

(S.16)

We note that all 24 e T and e W matrices (one for
each of the possible Euler angle combinations) can be
inferred from the representations of ωi and ν̇i given in
Appendix II of [10]. Additionally, the matrices E T and
E
W are related to the matrices e T and e W specified in
(S.15) and (S.16) by the rotation matrix Q (cf. (S.5)):



1 tan(ν2 ) sin(ν1 ) − tan(ν2 ) cos(ν1 )
E
,
T = (e T) QT =  0
cos(ν1 )
sin(ν1 )
0 − sin(ν1 )sec(ν2 ) cos(ν1 )sec(ν2 )
(S.17)

Taking the dot product of (S.8) with gi gives
ν̇i =

= Ei · gj .

g3 = e3 = cos(ν2 )e3 + sin(ν2 )e1 .

Fig. 2: The 1-2-3 Euler
P3 angle rotation sequence for the
rotation tensor Q = k=1 ek ⊗Ek of a rigid body. Here,
′
′′
ei and ei are the intermediate basis vectors following
′
the respective rotation by ν1 about E1 and ν2 about e2 .

ω=

ij

′

e2

3
X



Among the 12 possible sets of Euler angle sequences
of particular interest in the present paper is the 1-2-3
set. As can be seen from Fig. 2, for this choice of Euler
angles

e3 = e3 = g3

3
X

W

Identity (S.7) can be used in combination with expressions (S.10) and (S.12) to show that


E
(e T) (e W) = I,
T E W = I.
(S.13)

ν2
e′2

E

(S.11)

j=1

2 The matrix E W is equivalent to the matrix Gi while e W is
equivalent to the matrix Ḡi in the multibody dynamics literature
(see, e.g., Shabana [20]).




1
0
sin(ν2 )
E
W = Q (e W) =  0 cos(ν1 ) − cos(ν2 ) sin(ν1 )  . (S.18)
0 sin(ν1 ) cos(ν2 ) cos(ν1 )
As anticipated,

E

W = E T−1 .

4 Application to a pair of rigid bodies
Suppose that the system of interest is composed of two
rigid bodies in relative motion (as in the motion of the
fourth lumber vertebra relative to the fifth lumber vertebra (Fig. 3)). In this case, it is often convenient to
define the motion of the second body with respect to
the motion of the first body. To this end, we pick a
1
2
single material point on each body, XA
and XA
, and
denote the position vectors of these landmarks by x1A

4

and x2A , respectively. We emphasize that it is not necessary to assume that the landmarks correspond to the
centers of mass X̄ 1 and X̄ 2 of the bodies. We denote
the rotation tensor associated with the K th body by
QK where K = 1, 2 respectively. We can now define
yA = x2A − x1A =

3
X

(S.19)

Yi Ei

i=1

as the relative position vector between the landmarks
on the two bodies while
R = Q2 QT1

(S.20)

is the relative rotation tensor. It is also convenient to
introduce the corotational basis vectors eK
i = QK Ei
(depicted on the bodies V2 and V1 in Fig. 3) associated
with the Kth body.

second and first body. This third Euler basis has an
associated dual Euler basis g̃1 , g̃2 , g̃3 . In the paper,
the tensor R is parameterized using a set of 1-2-3 Euler
angles.
In spinal mechanics, one of the more common choices
K
of the landmark points XA
are the vertebral centers of
geometry but one can also opt to use other landmarks
such as points on the upper and lower vertebral surfaces [5,7,17,22,23]. Of particular importance is to note
that, if these, or other, experimental data are used to
populate stiffness matrices it is crucial to identify the
1
2
and XA
associated with
landmark material points XA
the relative displacement yA and to accommodate any
possible differences in the choices of Euler angles and
basis vectors.
5 Stiffness matrices and potential energy

V2
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(b)
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X̄ 2
κ2,t
V1
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1
XA
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1
Fig. 3: The relative motion between the landmarks XA
2
and XA situated on the V1 and V2 bodies respectively
can be represented using the displacement vector yA and
rotation tensor R.

We parameterize R and QK by the relative
and ab
solute Euler angle sets {β1 , β2 , β3 } and ν1K , ν2K , ν3K .
Thus,
ω K = ν̇1K g1K + ν̇2K g2K + ν̇3K g3K

(S.21)

e12

X̄ 1

V1

′

e12

X̄ 1

κ1,t

Fig. 4: The configurations κ1,t and κ2,t of V1 and V2 ,
respectively, are depicted in (a). As shown in (b), both
bodies then undergo an infinitesimal relative rigid body
motion and occupy the configurations κ1,t′ and κ2,t′ .
Also shown in this figure
 are the corotational basis vectors e11 , e12 , e13 and e21 , e22 , e23 which are attached to
the V1 and V2 bodies respectively.

is the angular velocity of body K and
ω̃ = ω 2 − ω1 = β̇1 g̃1 + β̇2 g̃2 + β̇3 g̃3

(S.22)

Consider a pair of rigid bodies, V1 and V2 such as
those shown in Fig. 3. We assume that the forces and
moments exerted by the pair of bodies due to their mutual interaction are conservative. As a result, we can
define a potential energy function U :

is the relative angular velocity vector. In these equaK
K
K
is the Euler basis (with dual basis
tions,
1 , g2 , g3
 K,1 gK,2
K,3
g ,g ,g
) of the K th rigid body, and {g̃1 , g̃2 , g̃3 }
U = U (Y1 , Y2 , Y3 , β1 , β2 , β3 ).
is the Euler basis of the relative rotation between the

(S.23)
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Then, following the methodology used in [12,16], exA
pressions for the conservative forces FA
1 and F2 and
A
A
conservative moments M1 and M2 can be computed:

3 
X
∂U
A
E
−
FA
=
−F
=
i ,
2
1
∂Yi
i=1
MA
2

=

−MA
1


3 
X
∂U i
−
=
g̃ .
∂βi
i=1

(S.24)

1
The force FA
1 is the force exerted on V1 at XA , the
A
2
force F2 is the force exerted on V2 at XA , the moment
1
MA
1 is relative to the material point XA of V1 , and the
A
2
moment M2 is relative to the material point XA
of V2 .
We also take this opportunity to introduce the notation F1 and M1 for the forces and moments exerted
at the center of mass X̄ 1 of V1 and F2 and M2 for the
forces and moments exerted at X̄ 2 of V2 . The expressions for these conservative forces and moments can be
1
and
inferred from (S.24) by repositioning the point XA
2
XA at the centers of mass of the respective bodies.

5.1 Infinitesimal relative motions

′
∆yA = yA
− yA = O(ǫ),

∆R = O(ǫ),
(S.25)
I + ∆R = R′ RT ,
where ǫ is a small number, I is the identity tensor, and
∆R is a skew-symmetric tensor with an associated axial
vector ∆β:
(S.26)

for any vector a. The vector ∆β is known as the rotation vector:
3
X
(S.27)
((βi′ − βi ) g̃i ) + O(ǫ2 ).
∆β =
i=1

The skew-symmetry of ∆R is synonymous with the
fact that the relative rotation R′ RT is infinitesimal (see
[21]). In (S.27), βi′ are the values of the Euler angles
for R′ and βi are the values of the Euler angles for the
rotation R (cf. (S.22)).
These changes in configuration produce changes in
the forces and moments acting on the bodies:
′
′
A
FA
= − FA
= FA
2
1
2 + ∆F2 ,
MA
2

′

= − MA
1

′

A
= MA
2 + ∆M2 .

A
The increments in forces ∆FA
K and moments ∆MK associated with the infinitesimal displacement and rotation vectors, ∆yA and ∆β, are used to define several
distinct stiffness matrices relating changes in the Cartesian components of the pair of forces and moments to
small relative displacements and rotations between the
rigid bodies. As emphasized in the literature (see [2,4,8,
9,11,12,18,19] and references therein) the specific stiffness matrix depends on which bases are used to compute the increments in force, moment, displacement,
and rotation.
To continue, it is convenient to first introduce the
generalized Cartesian displacement and force arrays:





∆FA
∆yA · E1
K  · E1
 ∆FA
 ∆yA · E2 

K  · E2 



A





∆yA · E3 
c A
 ∆FK  · E3 
∆ (c yA ) = 
 ∆β · E1  , ∆ FK =  ∆MA · E1  .
K




 ∆MA · E2 
 ∆β · E2 
K
∆β · E3
∆MA
K · E3

(S.29)

Now, consider the pairs of configurations (κ1,t , κ2,t )
and (κ1,t′ , κ2,t′ ) of two rigid bodies (cf. Fig. 4). We
distinguish quantities associated with κK,t′ with a superscript ′ and assume that the pairs of configurations
differ by an infinitesimal rigid body motion. Thus,

∆Ra = ∆β × a,

5.2 Cartesian stiffness matrix Kc

(S.28)

Using these arrays, we can define the Cartesian stiffness
matrix Kc :



c
c
2
c A
, (S.30)
∆ c FA
2 = −∆ F1 = −K ∆ ( yA ) + O ǫ

From [12], the stiffness matrix Kc in (S.30) has components given by



 

I 0
I 0
H1 H3
0 0
c
K =
+
, (S.31)
(H3 )T H2
0D
0 E T̃T
0 E T̃
|
{z
}

where, the underbraced term is the Hessian H of the
potential energy function U with
H1ij =

∂2U
,
∂Yi ∂Yj

H2ij =

∂2U
,
∂βi ∂βj

H3ij =

∂2U
,
∂βi ∂Yj
(S.32)

the matrix E T̃ has components (E T̃ )ij = g̃i · Ej and
the components of D are given by3
!
3 X
3
X
∂(E T̃ )ip E
∂U
Dpq =
.
(S.33)
( T̃ )rq
∂βr
∂βi
i=1 r=1

Notice that even though the Hessian H is symmetric,
Kc is not necessarily symmetric due to the possible prestress (i.e., D 6= 0) and the use of Euler angles to parameterize the rotation R (i.e., E T̃ 6= I).
Various other Cartesian stiffness matrices can also
be defined depending on the variables used to parameterize the potential energy function U of the system.
These are elaborated upon in further detail in [12].
3 For R where Q = I, the E T̃ matrix for the 1-2-3 Euler angle
1
sequence is given by (S.17).

6

6 Related stiffness matrices
We now turn to showing how the Cartesian stiffness
matrix is related to some other stiffness matrices that
have appeared in the spinal mechanics literature.

In [3], we argue that KE can be thought of as an
approximation of the Hessian H of the potential energy
function U . This is valid as the motions used the determine the components of KE are often uniaxial and
infinitesimal [22]). Hence,
E

T̃ ≈ I,

D ≈ 0.

(S.36)

6.1 Experimental stiffness matrices
Frequently, experimental determinations of the stiffness
matrix elements associated with the intervertebral joint
have involved pairs of vertebral bodies. Most commonly,
the lower vertebra is fixed, the upper vertebra subjected
to infinitesimal motion, and the forces and moments
due to the ensuing deformation measured [6,7,22,23].
Alternatively, a force or moment is applied and the
resulting deformations measured [5,17]. Variations of
these protocols have also been tested using larger deformations [15].
The elements of the experimental stiffness matrix
are then determined by comparing changes in the forces
and moments to the relative motion between the upper
and lower vertebra. Depending on how these quantities
are characterized, there are several possible definitions
of the stiffness matrix. For example, if the increments
in loads and displacements are expressed as



∆yA · e11
 ∆yA · e12 


 ∆yA · e13 


∆ỹA = 
1 ,
 ∆β · g̃ 
 ∆β · g̃2 
∆β · g̃3

∆FA
K






=




 1
∆FA
K  · e1
1 
∆FA
K  · e2 
A
1 
∆FK  · e3 
,
∆MA
K  · g̃1 
A
∆MK  · g̃2 
∆MA
K · g̃3

6.2 Bushing stiffness matrix KB
Typical bushing stiffness matrices KB are defined as the
diagonal of the Hessian H of an appropriate potential
energy function U . The basis vectors for the bushing
forces and moments are those featured in the expression for ∆FA
K given by (S.34)2 . In [3], this stiffness matrix is modified to incorporate all 36 elements of a 6 × 6
stiffness matrix hence permitting the analysis of coupled motion. The reader is also referred to this work
for details on the generalized displacement array used
to define KB .

6.3 The stiffness matrix KD

(S.34)

then we can write
E
∆FA
2 = −K ∆yA .

Even when the motion does not strictly satisfy these
conditions, the standards deviations in the stiffness matrix components are usually so large that it is still reasonable to assume that KE ≈ H. In fact, KE and H are
often used interchangeably in the spinal literature on
the subject. This is one of the underlying assumptions
behind the symmetrization of the experimental stiffness
matrices reported in, for example, [7] and [17].4

(S.35)

In experimental situations, the lower vertebra is frequently fixed and this simplifies
calculation of KE .
 1 1 the
1
First, the basis vectors e1 , e2 , e3 are equivalent to
the set of fixed Cartesian basis vectors {E1 , E2 , E3 }
and the force and displacement components featured
in (S.34) equal those in (S.29). This is especially convenient as the components of this stiffness matrix featuring in (S.35) can now be easily related to those featuring
in (S.31).
Measurements of the stiffness matrix KE of an intervertebral joint are presented in [15]. These authors
found that KE is generally not symmetric. This lack
of symmetry can be attributed to a variety of factors
among them large rotations of the joint and nonconservative forces and moments in the joint.

In [15], the moments MA
K are expressed in the Euler
basis. Hence, the stiffness matrix KD presented in this
work is

¯ A = −∆F
¯ A = −KD ∆yA + O ǫ2 ,
∆F
2
1

(S.37)

where

¯ A
∆F
K






=






∆FA
K  · E1

∆FA
K  · E2 

∆FA
·
E
3 
K 
.
∆MA
·
g̃
1
K

∆MA
K  · g̃2
A
∆MK · g̃3

(S.38)

4 We note that additional symmetry restrictions based on the
anatomy of the intervertebral joint are also imposed on the stiffness matrices featured in these references. These symmetries result in a stiffness matrix with 12 independent components and
the banded structure of this matrix is identical to that in the
stiffness matrix KE
F that is used in Section 5.1 of [3].

7

The components of the stiffness matrix can be related
to the Hessian of a potential energy function with the
help of (S.10) and (S.31):
K

D



 

0
0
H1 H3
=
+
.
(H3 )T H2
0 DE T̃−1

(S.39)

We note for completeness that the preload term DE T̃−1
is erroneously absent from the expression for the stiffness matrix Ku in equation (B9) in [15]. This omission
does not affect the other results in their paper.
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